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A B S T R A C T

Geared rotor systems are used in industrial machinery, automotive applications etc. to provide
rotational speed changes and torque variations by transmitting rotational motion from driving
shaft to the driven shaft. Gear tooth contact, as modelled using gear mesh stiffness and damping,
considerably affects the dynamic characteristics of the system. This work primarily studies the
effect of mesh stiffness and damping due to gear pair on the modal characteristics of the geared
flexible rotor-shaft system supported on compliant bearing. The rotor-shaft is modelled using
Timoshenko beam elements; whereas non-proportional viscous damping model is used to
represent bearing and gear mesh damping. Fatigue loading causes development of gear tooth
crack, which results in reduction of mesh stiffness. The effect of various cases of cracked gear
tooth has also been investigated on the modal characteristics and frequency response functions
of the system. The changes in the modal and frequency response characteristics due to cracked
gear tooth have been compared with that of healthy geared rotor system. The study may prove
helpful in detection of faults developing in the gear tooth by observing the changes in the
dynamic characteristics of the system.

1. Introduction

Geared devices are used for power transmission ranging from industrial applications to everyday household appliances. Power is
transmitted due to direct contact of the teeth on the driving shaft and the driven shaft. It results in coupling of lateral and torsional
degrees of freedom at the gear and pinion. This work primarily studies the dynamic behaviour of coupled geared rotor-shaft system
supported on compliant bearings. The coupling resulting from direct contact of gear and pinion alters the dynamic characteristics of
the geared rotor system. Dynamic characteristics of a system include natural frequencies, damping factors, mode shapes and
frequency response functions [1]. Modal analysis is a tool to find out the dynamic characteristics of the structures. Frequency
response function (FRF) gives a measure of magnitude and phase of the response as a function of frequency at any point on a
structure subjected to unit harmonic force at the same point (referred to as point FRF) or some other point (referred to as cross FRF)
on the structure.

Modal analysis is classified into two types namely, (i) experimental modal analysis (EMA) and (ii) theoretical/numerical modal
analysis. Experimental modal analysis uses measurement of frequency response functions and then estimates modal characteristics
from the measured data. It requires measurement of one complete row or column of the FRF matrix for complete characterization of
self-adjoint systems, and this process is referred to as modal testing [2]. Finite element analysis is widely used for numerical modal

http://dx.doi.org/10.1016/j.mechmachtheory.2016.10.006
Received 11 May 2016; Received in revised form 21 September 2016; Accepted 12 October 2016

⁎ Corresponding author.
E-mail addresses: ankur219@gmail.com (A. Saxena), manoj_chouksey@yahoo.com (M. Chouksey), anandp@iiti.ac.in (A. Parey).

Mechanism and Machine Theory 107 (2017) 261–273

0094-114X/ © 2016 Elsevier Ltd. All rights reserved.

cross

http://www.sciencedirect.com/science/journal/0094114X
http://www.elsevier.com/locate/mechmachtheory
http://dx.doi.org/10.1016/j.mechmachtheory.2016.10.006
http://dx.doi.org/10.1016/j.mechmachtheory.2016.10.006
http://dx.doi.org/10.1016/j.mechmachtheory.2016.10.006
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechmachtheory.2016.10.006&domain=pdf


analysis [3,4]. However, the accuracy of finite element model should be checked before relying on the estimated results using finite
element analysis. The development of updated finite element model requires correct selection of various inertia, stiffness and
damping parameters based on engineering judgment of measured data [5,6]. In case of geared rotor systems, it is important to
properly model the gear mesh stiffness among other parameters. In literature, there are many studies on use of finite element model
for dynamic behaviour prediction, fault identification and dynamic design of machinery structures [7–9]. However, such studies are
very limited for geared rotor systems. In view of this, the present work primarily addresses the effect of mesh stiffness on the modal
characteristics of geared rotor system using finite element method.

Mesh stiffness due to gear pair contact is an important parameter which influences dynamic characteristics as well as rotor
response of the system. Therefore, correct estimation of the mesh stiffness is very crucial. In literature, mathematical basis for
calculating the mesh stiffness is reported by many researchers. Yang et al. [10] proposed a value of Hertzian energy which is further
extended by Yang et al. [11] to calculate time varying mesh stiffness (TVMS) of a gear pair using potential energy method by
including bending energy and axial compressive energy with Hertzian energy. Various types of faults like crack, spalling, pitting,
scoring, wear etc. may develop in the gear teeth over the time. These faults in the gear tooth have the effect of reducing the mesh
stiffness of the gear pair and the extent of reduction is generally related to the severity of tooth damage. The reduction of mesh
stiffness due to different gear tooth faults has been studied by many researchers using various methods. Pandya et al. [12] have
adopted principle of linear elastic fracture mechanics (LEFM) to carry out crack propagation path studies with different contact ratio
and predicted the change in TVMS for different crack propagation path. Pandya et al. [13] proposed cumulative reduction index
(CRI), using a variable crack intersection angle, to represent the percentage reduction of total mesh stiffness and studied the effect of
different gear parameters e.g. pressure angle, fillet radius and back-up ratio on the total TVMS. Saxena et al. [14] studied the effect of
shaft misalignment and friction on total effective mesh stiffness for spur gear pair and showed that the misalignment and friction
affect TVMS of the gear pair considerably. Further, Saxena et al. [15] studied the effect of different spall shapes, size and location
considering sliding friction on TVMS of the gear pair. Chen and Shao [16] proposed an analytical mesh stiffness model which studies
the effect of the gear tooth errors like tooth profile modifications, applied torque and gear tooth root crack on the mesh stiffness of
spur gear pair.

All these studies describe ways for calculation of mesh stiffness of healthy geared rotor and investigate the effect of gear tooth
fault on reduction of the mesh stiffness. However, these studies did not report the influence of mesh stiffness on modal
characteristics and rotor response. The variation in mesh stiffness directly influences the dynamic characteristics of the geared rotor
system. Iwatsubo et al. [17] studied coupled lateral-torsional vibration of geared rotor using transfer matrix method by assuming
tooth rigidity as a linear spring. Wu et al. [18] studied the effect of crack growth in gear tooth on total mesh stiffness and vibration
response. Choy et al. [19] analysed multi stage gear transmission system by considering it as an enclosed structure and simulated
transient and steady state vibrations due to torque variation, speed change, rotor imbalances and gear box support motion
excitations. Vinayak et al. [20] studied multi-mesh transmission with external fixed centre helical and spur gears using dynamic
modelling by using simplified model of shaft-bearing subsystem and proposed a computationally efficient multi-mesh geared system.
Li et al. [21] studied coupled lateral – torsional dynamics of rotor bearing systems of spur bevel gear and concluded that critical
speeds of coupled modes are different from those of uncoupled modes. Pedersen et al. [22] reported the mathematical foundations of
time-variant modal analysis including the effect of TVMS on spur gear dynamics. Driot et al. [23] discussed variability of mesh
stiffness and modal dynamic behaviour of gear pair system due to manufacturing errors in gear tooth; however, their study was
focused on gear pair only and did not consider shaft and bearing flexibility into account. The modal analysis studies involving various
elements of the geared rotor systems (i.e. flexible rotor shaft, mesh stiffness and damping, bearing stiffness and damping) to find out
the effect of mesh stiffness on modal behaviour are found to be very limited in the literature. Such studies can be very helpful in gear
fault diagnosis as gear tooth fault directly influences the mesh stiffness and in turn the modal data of the geared rotor system, which
can be reflected in the results of measured frequency response functions and forced response of the system. Kahraman et al. [24]
developed a finite element (FE) model of a geared rotor system supported on flexible bearing considering rotary inertia of shaft, axial
loading on shaft, flexibility and damping of bearing, stiffness and damping of gear mesh and concluded that bearing compliances can
greatly affect the dynamics of geared system. However, the effect of gear tooth fault was not considered in their work. Mohammed
et al. [25] carried out dynamic response and time-frequency analysis for gear tooth crack detection. However, the authors used a 6
DOF dynamic gear model and did not include detailed modal analysis of the geared rotor system to see the effect of mesh stiffness
and tooth crack on the mode shapes. Finite element method provides an efficient tool to model various elements of the rotor systems
including shaft flexibility, bearing and mesh stiffness as well as damping and way to perform detailed analysis for modal frequencies,
mode shapes and FRFs. Therefore, this work uses finite element method for the modal analysis of geared rotor system. The work
attempts firstly the modal analysis of a geared rotor system to investigate the effect of mesh stiffness on natural frequencies and
mode shapes of the system. This is followed by modal analysis study for a cracked gear rotor system by considering TVMS to find out
the effect of cracked gear tooth on the natural frequencies and the FRFs.

2. Modal analysis of geared rotor system

Modal analysis of rotating machinery involves estimation of natural frequencies, modal damping factors, mode shapes, critical
speeds, frequency response functions etc. Many studies have been found in the literature about modal analysis of rotors; however
most of these studies are limited to modal analysis of rotors supported on single rotor-shaft. A geared rotor system includes two
shafts i.e. driving shaft, driven shaft apart from other elements like bearing supporting the shafts, gear and pinion etc. Hence, finite
element model of geared rotor system includes modelling of all these elements, which can further be used for the modal analysis.
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2.1. Finite element modelling

The rotor-shaft is discretized by using 2-node Timoshenko beam element with six degrees of freedom (three translations along X,
Y and Z axis and three rotations along X, Y and Z axis) per node. The equations of motion have been formulated by taking into
account the effects of rotary inertia, translator inertia; shear deformation, shaft flexibility, support flexibility and gear pair
parameters. Fig. 1 shows the ith finite element, connecting ith and i+1th nodes, along with the degrees of freedom at the nodes.

Nodal displacement vector of ith element is given in Eq. (1)

q x y z θ θ θ x y z θ θ θ= { , , , , , , , , , , , }e i i i zi yi xi i i i zi yi xi
T

+1 +1 +1 +1 +1 +1 (1)

where, the superscript ‘T’ denotes transpose of a vector.

2.2. Equations of motion

After assembling the governing equations for all the elements and incorporating the boundary conditions, the equations of
motion of the geared rotor bearing system with N degrees of freedom are written as

t t t tMq Cq Kq f¨ ( ) + ̇ ( ) + ( ) = ( ) (2)

where, M, C, K are square N N× matrices and are usually referred to as the mass or inertia matrix, the damping matrix and the
stiffness matrix respectively. The vectors q(t) and, f(t) each of size N′ ′, stand for generalized displacement and generalized force
vectors respectively. Time and time derivative are represented by t′ ′ and ′ ̇ ′ respectively.

For the geared rotor-bearing system, the matrices M, C and K of the Eq. (2) are defined as follows:

M M M C C C K K K= + ; = [ + ] and = [ + ]trs rot brg m brg m (3)

In the above, Mtrs and Mrot denote the mass matrices due to translation and rotary inertia respectively. Cbrg and Cm stands
for the bearing damping matrix and the mesh damping matrix respectively. The symbol ‘K’ is the matrix coefficient to the
displacement vector and consists of global bearing stiffness matrix (Kbrg) and gear mesh stiffness matrix (Km). All the matrices
are of size N N× . It may be noted that N represents the total degrees of freedom of the geared rotor system, i.e. including it for both
driving and driven rotor shaft.

As the stiffness matrix and the damping matrix also include the components due to the mesh stiffness and mesh damping
respectively due to engagement of the gear and pinion, their computation is reported in the next section.

2.3. Calculation of gear mesh stiffness

This work uses potential energy method proposed by Chen et al. [26] for calculation of mesh stiffness to study the dynamic mesh
performance of spur gear pair. The method includes four components of energy, namely, Hertzian energy, bending energy, axial
compressive energy and shear energy and fillet foundation deflection in the formulation. The mathematical basis for inclusion of
Hertzian energy, bending energy and axial compressive energy is given in the work by Yang et al. [11], whereas the inclusion of shear
energy is reported by Tian [27] and fillet-foundation deflection reported by Sainsot et al. [28].

The Hertzian stiffness (kh), bending stiffness (kb), shear stiffness (ks) and the axial compressive stiffness (ka) can be calculated
as per the Eqs. (4)–(7), respectively [27].

k πEL
ν

=
4(1 − )

;h 2 (4)

Fig. 1. The ith element and nodal degrees of freedom.
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Besides the tooth deformation, the fillet-foundation deflection also influences the stiffness of gear tooth. Sainsot et al. [28]
derived the fillet-foundation deflection of the gear based on the theory as reported by Muskhelishvili [29]. The stiffness with
consideration of gear fillet-foundation deflection can be calculated as per Eq. (8).
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where, L is the tooth width and αm is acting pressure angle of gear tooth. The coefficients L*, M*, P*, Q* can be calculated by
following polynomial functions as given in Eq. (9).

X h θ A θ B h C h θ D θ E h F*( , ) = / + + / + / + +i fi f i f i fi i fi f i f i fi i
2 2

(9)

where Xi
*denotes the coefficients L*, M*, P*, Q*; hfi=rf/rint; rf, rint and hf are described in Fig. 2, the values of Ai, Bi, Ci, Di, Ei and

Fi are listed in Table 1.
The description of remaining parameters of Eq. (8) is shown in Fig. 2.
Thus for the single – tooth pair meshing, the total effective TVMS can be expressed as

k
k k k k k k k k k

= 1
1/ + 1/ + 1/ + 1/ + 1/ + 1/ + 1/ + 1/ + 1/t

h b s a f b s a f1 1 1 1 2 2 2 2 (10)

where kh , kb , ks, ka and kf represent the Hertzian, bending, shear, axial compressive and fillet foundation deflection mesh stiffness,
respectively and the subscript 1, 2 denote the pinion and gear, respectively. For the double-tooth-pair meshing duration, the total

Fig. 2. Geometrical parameters for the fillet-foundation deflection [26].

Table 1
Values of the coefficients of Eq. (9).

Ai Bi Ci Di Ei Fi

L* (hfi, θf) −5.574×10−5 −1.9986×10−3 −2.3015×10−4 4.7702×10−3 0.0271 6.8045
M* (hfi, θf) 60.111×10−5 28.100×10−3 −83.431×10−4 −9.9256×10−3 0.1624 0.9086
P* (hfi, θf) −50.952×10−5 185.50×10−3 0.0538×10−4 53.3×10−3 0.2895 0.9236
Q* (hfi, θf) −6.2042×10−5 9.0889×10−3 −4.0964×10−4 7.8297×10−3 −0.1472 0.6904

A. Saxena et al. Mechanism and Machine Theory 107 (2017) 261–273

264



effective TVMS is the sum of the two pairs’ stiffness, which can be expressed as

∑k
k k k k k k k k k

= 1
1/ + 1/ + 1/ + 1/ + 1/ + 1/ + 1/ + 1/ 1/t

i h i b i s i a i f i b i s i a i f i=1

2

, 1, 1, 1, 1, 2, 2, 2, 2, (11)

where i (=1, 2) represents the first pair and second pair of meshing teeth respectively.
The total effective TVMS, as given by Eq. (10) and Eq. (11), represents the variation of mesh stiffness from engagement to

disengagement of the spur gear pair for healthy gear tooth. The effect of gear tooth crack has been investigated on the modal and
frequency response characteristics in this work. Gear tooth crack has the effect of reducing the mesh stiffness value. In case of tooth
crack, the Hertzian stiffness, axial compressive stiffness and fillet foundation deflection remain the same [26,27]. However, the
bending stiffness and shear stiffness change due to the crack and the changed values of the bending stiffness and the shear stiffness
are given by Eqs. (12) and (13) respectively.
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These modified values of the bending stiffness and shear stiffness are used in Eqs. (10), (11) to calculate the changed values of
TVMS for cracked tooth spur gear pair.

The gear pair couples the bending and torsional degrees of freedom at the gear and pinion. The mathematical basis of the
additional coupling matrix is reported in Kahraman et al. [24] by defining one of the bending degrees of freedom along the pressure
line of the gear pair. This results in a 4×4 coupling matrix for stiffness and damping due to the gear pair contact, which is given as
per Eq. (14).
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where [Km]=mesh stiffness matrix, [Cm]=mesh damping matrix, km=mean mesh stiffness value, cm=mesh damping, rp, rg=base
circle radii of pinion and gear, respectively. Adding the mesh stiffness matrix and mesh damping matrix to the overall stiffness and
damping matrix of the uncoupled rotor system gives the total overall stiffness and total overall damping matrix of the system.

2.4. Free vibration analysis

Free vibration analysis of the system of Eq. (1) gives eigenvalue λr, right eigenvector ur and left eigenvector vr which are
connected by equations given in (15) for the rth mode as

λ λ λ λ r NM C K u M C K v( + + ) = 0 and ( + + ) = 0, where = 1 tor r r r
T

r
T T

r
2 2 (15)

The equations of motion for proportionally damped systems are generally represented in state space (first order representation)
for mathematical convenience [30]. The second order equations of motion as given by Eq. (2) may be written in state space as
follows:

t t tAw Bw ḟ ( ) = ( ) + ( ) (16)

Fig. 3. Schematic diagram of geared rotor system (All dimensions are in mm.).
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The matrices A B, the state vector tw( ) and the force vector tf( ) are given as

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥A 0 M

M C B M 0
0 K= , =

−2 2N N N N×2 ×2 (17)

⎧⎨⎩
⎫⎬⎭

⎧⎨⎩
⎫⎬⎭t

t
t

t tw
q
q f 0

f( ) =
̇ ( )
( ) ; ( ) = ( )

2 2N N×1 ×1 (18)

In the above, the phase variables have been chosen as the state variables.
The symbol ‘0’ represents a null matrix of size N N× or a null vector of size N abiding by dimensional requirement, e.g. ‘0’

represents a null matrix in Eq. (17) and a null vector in Eq. (18).
The rth eigenvalue problem associated with Eq. (17) may be written in state space after following [31] as

λ λ r NAψ Bψ A φ B φ= and = , where = 1 to 2r r r r
T

r
T

r (19)

where, λr is the rth eigenvalue, and ψr and φr stand for the corresponding rth right and rth left eigenvectors, respectively, in state
space and are given by

⎧⎨⎩
⎫⎬⎭

⎧⎨⎩
⎫⎬⎭

λ λψ u
u φ v

v= , =r
r r

r r
r r
r (20)

ψr and φr may be biorthonormalized so as to satisfy

φ Aψ δ φ Bψ λ δ= ; = ;i
T

r i
T

rir r ir (21)

The indices i r′ ′, ′ ′ vary from 1 to N2 , and δir is the Kronecker delta (i.e. =1 when i r= and =0 when i r≠ ) For r = 1 to N2 . All the
left eigenvectors, right eigenvectors and eigenvalues may be written in matrix form as Ψ Φ, and Λ respectively and are given by

Table 2
Parameters of the geared rotor system.

Parameter Value

Young's modulus E 2.1×1011 N/m2

Poisson's ratio ν 0.3
Density ρ 7800 kg/m3

Pressure angle αm 20°

Moment of inertia Driven gear, Ig 0.0018 kg m2

Driving gear, Ip 0.0018 kg m2

Mass Driven gear, mg 1.84 kg
Driving gear, mp 1.84 kg

Base circle radius Driven gear, rg 0.0445 m
Driving gear, rp 0.0445 m

Number of tooth Driven gear, Zg 28
Driving gear, Zp 28

Width of tooth L 0.020 m

Fig. 4. Meshed model of the geared-rotor system.
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λ λ λΨ ψ ψ ψ Φ φ φ φ Λ= [ … ], = [ … ], = diag[ … ]N N N1 2 2 1 2 2 1 2 2 (22)

Therefore bi-orthogonality condition expressed by Eq. (21) may be written in compact form as

Φ AΨ I Φ BΨ Λ= ; =T T (23)

In Eq. (23), the symbol ‘I’ represents identity matrix of size N N2 × 2 .
FRF matrix, H͠ in state space may be written as

∑ ∑
iω λ iω λ iω λ

H
ψ φ ψ φ ψ φ

=
−

=
−

+
−

͠
r

N
r r

T

r r

N
r r

T

r

r r
T

r=1

2

=1

2

(24)

where ‘__’ represents complex conjugate of a vector/scalar.

Table 3
Comparison of natural frequencies for the geared rotor system.

Mode no. Natural frequency (Hz) (Ref. [24]) Natural frequency(Hz) (Present work) Percentage difference (%)

1 0 0 0
2 581 573.03 1.37
3 687 679.24 1.13
4 689 681.18 1.13
5 691 683.13 1.13
6 2524 2519.2 0.19
7 3387 3334.5 1.55
8 3387 3334.5 1.55
9 3421 3380.2 1.19
10 3421 3380.2 1.19

Table 4
Natural frequencies of geared rotor system.

Mode no. Natural frequency (Hz.) (Uncoupled rotor) Natural frequency (Hz.) (Coupled rotor)

1 673.60 573.27
2 673.60 673.60
3 677.59 675.55
4 677.59 677.59
5 3243.5 3243.5
6 3243.5 3243.5
7 3292.3 3292.3
8 3292.3 3292.3
9 5822.9 4573.1
10 5822.9 5822.9
11 5863.5 5841.6
12 5863.5 5863.5

Deformation in XY plane    Deformation in XZ plane          Deformation in XY plane    Deformation in XZ plane

(a) 573.27 Hz (b) 673.60 Hz

(c) 675.55 Hz (d) 677.59 Hz
Fig. 5. First four bending mode shapes of the coupled geared rotor (a) 1st mode, (b) 2nd mode, (c) 3rd mode and (d) 4th mode;.
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Further, FRF matrix (H) relating generalised displacement and forces may be written as

H = ∑ = ∑ +r
N

iω λ r
N

iω λ iω λ
u v u v u v

=1
2

− =1
2

− −
r r

T

r
r r

T

r
r r

T

r (25)

The FRF matrix may be expanded as

⎡
⎣⎢

⎤
⎦⎥H

H H
H H= yy yz

zy zz (26)

3. Illustrative example

The geared rotor-shaft system, as shown in Fig. 3, has been considered for the purpose of simulation as well as illustration after
following Kahraman et al. [24]. The geared rotor system consists of two rotor shafts connected by gear and pinion. Each rotor-shaft
is supported by a pair of roller bearings. Both the gears are mounted at the centre of the shafts. The parameters of the driving and
driven gear are listed in Table 2.

Fig. 4 shows the meshed model the geared rotor system. The driving as well as driven shafts are meshed with 16 numbers of
elements each. The bearing supports and gear pair contact are modelled using springs and dampers as shown in the Fig. 4. Gear
mesh stiffness, representing the gear pair contact, is time varying parameter which continuously changes as the gear rotates. Two
types of models have been used in the literature for the mesh stiffness, namely (i) constant mean mesh stiffness model, (ii) TVMS
model.

This study has been put into two cases; (i) investigation of the effect of coupling due to gear pair contact on the natural

Deformation in XY plane      Deformation in XZ plane          Deformation in XY plane    Deformation in XZ plane

(a) 3243.5 Hz (b) 3243.5 Hz

(c) 3293.3 Hz (d) 3293.3 Hz
Fig. 6. Second four bending mode shapes of the coupled geared rotor (a) 5th mode, (b) 6th mode, (c) 7th mode and (d) 8th mode;.

Deformation in XY plane      Deformation in XZ plane          Deformation in XY plane    Deformation in XZ plane

(a) 4573.1 Hz (b) 5822.9 Hz

(c) 5841.6 Hz (d) 5863.5 Hz
Fig. 7. Third four bending mode shapes of the coupled geared rotor (a) 9th mode, (b) 10th mode, (c) 11th mode and (d) 12th mode;.
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frequencies and mode shapes, (ii) study of the effect of gear tooth crack on the natural frequencies and FRFs.

3.1. Effect of mesh stiffness on the modal parameters (Case 1)

As has been discussed, the mesh stiffness of the gear pair considerably affects the dynamic characteristics of the geared rotor
system. This section firstly studies the co-relation of the results of modal analysis of geared rotor system with the work of Kahraman
et al. [24]. This is followed by detailed study of the modal analysis of the system to see the effect of mesh stiffness on the natural
frequencies and mode shapes.

3.1.1. Correlation of the results of modal analysis with the work of Kahraman et al.[24]
The values of bearing stiffness and mesh stiffness coefficients are considered to be 1×109 N/m and 1×108 N/m respectively after

following Ref. [24] for the co-relation. Modal analysis of the geared rotor system with the parameters listed in Table 2 has been
carried out. The results of natural frequencies as computed from the present work are listed in Table 3. The table also shows the
comparison of the natural frequencies with the natural frequencies computed by Kahraman et al. [24], and the percentage difference
of results thereof. The results show that the accuracy of the present solutions is well within 1.5% for all the modes. The slight
variation in the natural frequencies may be attributed to the fact that Kahraman et al. [24] used a steel rotor shaft, however the
specific values of the modulus of elasticity and mass density were not given. Therefore, standard values of modulus of elasticity and
mass density have been considered for the material of steel as mentioned in Table 2. So the method considered in this work for the
study of dynamic characteristics is found to be valid and can be considered for further studies.

3.1.2. Effect of mesh stiffness on the natural frequencies and mode shapes
This section includes the detailed study of the effect of gear pair contact on the natural frequencies and mode shapes of the geared

rotor system. This is important as the gear pair contact affects the natural frequencies and the displacement pattern in various
modes. It may also be noted that measured frequency response functions gives information about the natural frequencies only and it
becomes necessary to carry out the detailed modal analysis to find out the type of the mode corresponding to a particular peak of the
FRF. The constant mesh stiffness model for the mesh stiffness has been considered in this section, as the objective is to find out the
variation in modal parameters due to any particular value of mesh stiffness.

The value of mesh stiffness considered in Kahraman et al. [24] was chosen arbitrarily. A more proper value of the mesh stiffness
coefficient for the spur gear pair can be calculated as described in Section 2.3. The mean value of mesh stiffness coefficient calculated
in this way for the spur gear pair is found to be 4×108 N/m, which is further used to compute the results of modal analysis. The value
of mesh damping coefficient is considered to be 67 N-s/m, whereas the values of bearing stiffness (Kyy=Kzz) and damping coefficients
(Cyy=Czz) are considered to be 6.56 ×108 N/m and 1.8 ×103 N-s/m respectively [32]. Modal analysis of the geared flexible rotor-shaft

Table 5
Cases of gear tooth crack considered.

Case Crack length in mm

1 0 (Healthy Case)
2 2 (CrackCase1)
3 3.5 (Crack Case 2)
4 5 (Crack Case 3)
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Fig. 8. Variation of gear mesh stiffness for healthy and cracked gear pair.
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system supported on compliant bearings considering gear pair damping and bearing damping has been carried out. Table 4 shows
the comparison of the damped natural frequencies (obtained from the imaginary part of the eigenvalues) for the coupled geared
rotor system with that of uncoupled geared rotor system (km=0; cm=0). The two consecutive natural frequencies for the uncoupled
system are found to be the same. This is due to the fact that both the driving and driven rotors are supported on isotropic bearings. It
is seen that coupling due to the gear pair caused reduction in the natural frequencies in first, third, ninth and eleventh mode.

In the next step, the corresponding twelve mode shapes are studied in detail. The first four mode shapes of the coupled geared
rotor system are shown in Fig. 5. The mode shapes are plotted in the X–Y and X–Z plane for clarity of visualization of motion. Initial
four modes, i.e. shown from Fig. 5(a)–(d), are first four bending modes of the driving and driven rotors in the X–Y and X–Z plane as
is evident from the bending deflection pattern. Fig. 5(a) clearly shows the effect of coupling, as the displacement is reflected in both
the shafts due to the gear pair contact. The effect of coupling is not visible in the 3rd mode shape, as the corresponding reduction in
the natural frequency is very small. However, the 2nd and 4th mode shapes remain uncoupled, i.e. the displacement is either in the
driving shaft or the driven shaft.

The second four bending modes for the driving and driven rotors in the X–Y and X–Z plane are shown in Fig. 6(a)–(d). It is seen
that the natural frequencies and the mode shapes of the coupled and uncoupled systems remain the same in the second four bending
modes for the value of mesh stiffness considered. It is also evident from the plot that the deflection is on either the driven shaft or the
driving shaft in any of the modes. The third four mode shapes are shown from Figs. 7(a) to (d). As the 9th and 11th natural
frequencies reduced due to the coupling (Table 4), this is also reflected in the corresponding mode shapes as shown in Fig. 7(a) and
(c). It can be seen that the deflection in both the modes is on the driving as well as the driven shafts. In the next section, it is shown
that this particular mode (9th mode) is most sensitive to the gear tooth crack. However, the 10th and 12th mode shapes as shown in
Fig. 7(b) and (d) remain uncoupled.

Table 6
Variation of natural frequencies for region 1.

Mode no. Region 1

Healthy Crack case 1 Crack case 2 Crack case 3
(Km=4.47×10

8) (Km=4.44×10
8) (Km=4.40×10

8) (Km=4.35×10
8)

1 573.43 573.42 573.41 573.39
2 673.60 673.60 673.60 673.60
3 675.60 675.60 675.60 675.60
4 677.59 677.59 677.59 677.59
5 3243.5 3243.5 3243.5 3243.5
6 3243.5 3243.5 3243.5 3243.5
7 3292.3 3292.3 3292.3 3292.3
8 3292.3 3292.3 3292.3 3292.3
9 4735.9 4726.4 4713.5 4697.2
10 5822.9 5822.9 5822.9 5822.9
11 5841.9 5841.9 5841.9 5841.8
12 5863.5 5863.5 5863.5 5863.5

Table 7
Variation of natural frequencies for region 2.

Mode No. Region 2

Healthy Crack case 1 Crack case 2 Crack case 3
(Km=2.37×10

8) (Km=2.26×10
8) (Km=2.10×10

8) (Km=1.78×10
8)

1 572.28 572.16 571.96 571.46
2 673.60 673.60 673.60 673.60
3 675.60 675.60 675.60 675.60
4 677.59 677.59 677.59 677.59
5 3243.5 3243.5 3243.5 3243.5
6 3243.5 3243.5 3243.5 3243.5
7 3292.3 3292.3 3292.3 3287.4
8 3292.3 3292.3 3292.3 3292.3
9 3731.0 3655.2 3539.5 3292.3
10 5822.9 5822.9 5822.9 5822.9
11 5839.5 5839.3 5838.9 5837.9
12 5863.5 5863.5 5863.5 5863.5
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3.2. Effect of gear tooth crack on natural frequencies and frequency response functions (Case 2)

It has been shown in the previous section that the mesh stiffness considerably influences the natural frequencies and the mode
shapes of the geared rotor system. Over the time, various faults like gear tooth cracks, tooth breakage, spalled tooth, etc. may develop
in the gear tooth in geared rotor systems. These faults directly affect the gear pair contact and in turn cause change in the mesh
stiffness.

Apart from natural frequencies and mode shapes, frequency response functions also show the dynamic characteristics of the
vibrating systems. In this section, the effect of gear tooth crack has been found out on the natural frequencies and frequency
response functions.

Four cases have been considered to study the effect of gear tooth crack on natural frequencies and frequency response functions.
In all the cracked tooth cases considered, it is assumed that crack initiates from root circle and the depth of the crack is constant
throughout the tooth width. The intersection angle between the crack and the central line of the tooth is also constant which is
considered 45° for all the cracked tooth cases. Table 5 shows the four cases of gear tooth crack considered for the study as classified
on the basis of root crack length at pinion.

Mesh stiffness continuously changes from engagement to disengagement of gear pair and this variation is divided into three
regions for low contact ratio gears (contact ratio < 2). These three regions correspond to, (i) a double pair contact, (ii) a single pair
contact, and again (iii) a double pair contact.

Fig. 8 shows the variation of gear mesh stiffness for one complete gear tooth cycle for both healthy and cracked gear pair for all
the four cases considered as per Table 5. It can be seen that in the case of healthy gears, the variation of the mesh stiffness in the first
and third regions remain same. However, this variation is different for the cracked gear pair contact and there is more drastic
reduction in gear mesh stiffness as the crack length increases. Reduction of mesh stiffness is expected to influence the natural
frequencies and FRFs. Any variation of the measured FRFs from the initially measured FRFs may be used as an indicator of the
appearance of gear tooth fault. Therefore, the study to see the effect of gear tooth crack on the natural frequencies and the frequency

Table 8
Variation of natural frequencies for region 3.

Mode no. Region 3

Healthy Crack case 1 Crack case 2 Crack case 3
(Km=4.51×10

8) (Km=4.27×10
8) (Km=3.96×10

8) (Km=3.42×10
8)

1 573.44 573.37 573.26 573.03
2 673.60 673.60 673.60 673.60
3 675.60 675.60 675.60 675.60
4 677.59 677.59 677.59 677.59
5 3243.5 3243.5 3243.5 3243.5
6 3243.5 3243.5 3243.5 3243.5
7 3292.3 3292.3 3292.3 3292.3
8 3292.3 3292.3 3292.3 3292.3
9 4747.1 4670.3 4557.8 4327.3
10 5822.9 5822.9 5822.9 5822.9
11 5841.9 5841.8 5841.5 5841.0
12 5863.5 5863.5 5863.5 5863.5

Fig. 9. Frequency response function (Hy4, y5) for region 1.
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response functions has been performed. Three values of mesh stiffness from each of the three regions of TVMS, for various tooth
crack length have been considered to investigate the effect of tooth crack on the natural frequencies and the frequency response
functions.

The maximum and minimum values of the mesh stiffness has been selected for the double pair and single pair contact region
respectively for the healthy case. This covers maximum possible variation of the stiffness values for one complete tooth contact cycle.
The mesh stiffness under various crack cases has been considered at the same angular positon as in the case of healthy gear for the
purpose of comparison. The values of mesh stiffnesses considered are also marked in the figure.

Modal analysis of the geared rotor system has been carried out for all the four cases considering variation of mesh stiffness in the
three regions. Table 6, Table 7 and Table 8 show the natural frequencies for the geared rotor system in initial twelve modes when the
gear pair contact is in region 1, region 2 and region 3 respectively. It is observed from the Tables 6–8 that the natural frequencies in
the first, ninth and eleventh mode reduces as the tooth crack length increases. It can also be seen from the Table 7 and Table 8 that
the ninth mode is most sensitive to the tooth crack length, as the natural frequency reduced by up to 11.8% and 8.8%in case 3 of
tooth crack in region 2 and region 3 respectively, when compared with the corresponding natural frequency of healthy geared rotor
system. It may be noted that the ninth mode frequency in region 2, for the most severe case of tooth crack considered i.e. case 3,
reduced up to the extent that the mode appeared at number 7 as can be seen in Table 7.

Fig. 9 shows the FRF (Hy4, y5), i.e. response at node 4 for unit harmonic force at node 5 (node position can be seen in Fig. 4), for
the geared rotor system under various cases in region 1. It can be seen that there is not much variation in the frequency response
function in the region 1 under various cases of tooth crack. This is attributed to the fact that mesh stiffness reduction in the region 1
under case 3 is only 2.68% when compared with mesh stiffness of healthy gear pair contact. However, the frequency response around
mode 9 is affected due to the gear tooth crack, which is shown in the zoomed view in the same figure.

The frequency response plot (Hy4, y5), under various cases of tooth crack in region 2 has been shown in Fig. 10. The plot clearly
shows the effect of tooth crack severity on the frequency response. The natural frequency in mode 9 is found to be quite sensitive to
tooth crack length. It can be noted from the plot that the natural frequency in ninth mode reduced faster as the crack length opens
from 3.5 mm to 5 mm (case 3) in comparison to crack opening from 0 to 3.5 mm. It is also found out that the amplitude of frequency
response in case 3 near mode 9 also becomes quite high as the crack size increased. The natural frequencies in the 1st and 11th mode

Fig. 10. Frequency response function (Hy4, y5) for region 2.

Fig. 11. Frequency response function (Hy4, y5) for region 3.
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are not affected much due to the tooth crack. However, the frequency response increases in mode 11 as well, which is shown in the
zoomed view, as the tooth crack length increases from case 1 to case 3.

Fig. 11 shows the FRF plot for the mesh stiffness value considered in region 3. It is seen that the 9th natural frequency and the
two anti-resonant frequencies around it decreases as the tooth crack progresses from healthy case to case 3. It is also seen that the
amplitude of FRF at 11th mode increases as the tooth crack progresses to case 3.

4. Conclusions

A comprehensive study has been performed to find out the effect of mesh stiffness of healthy and cracked gear tooth on the
natural frequencies, mode shapes and the frequency response functions for the geared rotor system. Finite element method has been
used to model various elements of the geared rotor system, where the gear tooth coupling is represented by its mesh stiffness and the
mesh damping. It is seen that the coupling due to the gear pair contact reduces the natural frequencies in 1st, 9th and 11th modes
significantly, when compared with the corresponding natural frequencies of uncoupled system. This effect is also reflected in the
corresponding mode shapes, as the displacement of the driving and driven rotor shafts gets coupled. The results indicate that it is
important to consider the coupling between the lateral and torsional degrees of freedom at the gear pair contact for dynamic
characterization of the geared rotor systems. The effect of gear tooth crack has also been investigated on the natural frequencies and
the frequency response functions. It is concluded that the natural frequencies in the 1st, 9th and 11th modes reduce as the crack size
increases. However, the effect of reduction of natural frequency is more prominent in the 9th mode, and this observation can be
particularly used to detect tooth crack fault from the measured frequency response functions. It is also found out that the amplitude
of frequency response functions at the 9th and 11th mode also increases as the tooth crack progresses. Hence, it is concluded that
changes in modal and frequency response characteristics of the geared rotor systems can be employed as a useful tool to predict the
developed as well as incipient gear tooth faults.
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